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Abstract. For any positive integer k>3, we define the sunlet graph
of order 2k, denoted by L_2k, as the graph consisting of a cycle of
length k together with k pendant vertices such that each pendant
vertex is adjacent to exactly one vertex of the cycle so that the
degree of each vertex in the cycle is 3. In this paper, we show the
necessary and sufficient condition for the decomposition of
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INTRODUCTION

All graphs considered here are finite and undirected
unless otherwise stated. Let P. be the path on r
vertices. For a graph G, if E(G) can be partitioned into
Ei, E,, ...., E,, such that the subgraph of G induced by
E; is H; for all 1 <i <m, then Hy,H,,...,H,
decompose G and is written as E(G) = E(H,) U
E(H,)VU..UE(H,). Iffor1 <i <m, H;= H, we
say that G has a H-decomposition. In [6], Tay-Woei
Shyu studied the decomposition of graphs into paths
and stars. In [4], S. Arumugam, 1. Sahul Hamid and
V. M. Abraham gave the decomposition of a graph G

on n vertices (not necessarily connected) into BJ paths
and cycles. For any two graphs G and H, their
cartesian product, denoted by G H has vertex set
V(G H)=V(G)xV(H) and edge set E(G H) =
{(g.M (g, h):g =g hh' € E(H), or gg' € E(G),

Keywords: Graph theory, decomposition, cartesian product,
Department  of | corona product, sunlet, cycle, path, stars.

h = h'}. Tt is well known that the cartesian product is
commutative and associative. R. Frucht and F.
Harary in their paper [3], introduced a new and simple
operation on two graphs G, and G, called their corona
product. For any two graphs G; and G, of orders m
and n respectively, their corona product G, @ G, is the
graph obtained by taking one copy of G; and m copies
of G, such that the i*" vertex of G, is connected to
every vertex in the i*" copy of G,. K. Sowndhariya and
A. Muthusamy [1], studied the cartesian product of
complete graphs into sunlet graphs of order eight. In
[5], S. Vimala Roshni and P. Chithra Devi gave the
P,- decomposability of cartesian product of paths and
cycles. Here in this paper, we focus on the
decomposition of cartesian product and corona
product of sunlet and path.

Remark 1.1.
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Consider a graph H; with V(H,) = {xi_]-: 1<i<
6;1<j<3} and E(H,)) =
{xi,jxi,j+1'xk,lxk+1,l'xl,qu,q'xr,sxr+3,s: 1<si< 6; 1<
j<2, 1<k<5; 1<lqrs<3}. H Iis
decomposed into 4 copies of K; 3 and 6 copies of K ,
as follows:

E(H,) = {xixi+1,x4x1,xjyj: 1<i<41<j<2} H,
is decomposed into 3 copies of K;, as follows:
{x1y1 x1%4}, {32, x3%,} and {x,x1, %575}

Remark 1.4.
Consider a graph H; with V(H;) = {xl-‘j: 1<i<

{x1,2 X1,10%X1,2X2,2,X1,2X32 }' {x1,3x1,2' X1,3%X2,3 x1,3x3,3}' {x2,2x2,1' x%iﬁs,§jz§3él}vnd

{x2,3x2,2:x2,3x3,3:x2,3x5,3}' {x3,2x3,1'x3,2x6,2},
{x3,3 X3,2,%X33%6,3 }: {x4,2 X4,1X4,2%1,2 }'
{x4,3 X4,2)%X4,3%1,3 }: {xs,z X5,1,X5,2 x5,3} and
{x6,2x6,1'x6,2x6,3}'
Theorem 1.2. For any two positive integers m,n with
m=3,n2=2andn is even,
Lm0 P, is decomposed into p copies of Ky 3 and q copies of
K, , ifand only if
p+§q =§mn—(n+2).
Proof:

Let G = L,,,0 B, where V(G) = {x; ;11 <i <
2m,1<j Sn}and
E(G) = {xi,jxi,j+1'xk,lxk+1,l:xl,qu,q:xr,sxr+m,s: 1<i

<2m1<j<n-—1,

1<k<m-1,1<lq,s<n1<r <m}. Suppose
that L,,,0 P, is decomposed into p copies of K; 3 and
q copies of K ,.
Since |E(G)| = 3p + 2q, we have
3p+2q = 3[n(m—1)] + 2(mn — 3).
= 3p+2g=5mn—-3n-—6.
Therefore, p + gq = zmn —(n+2).
Conversely, suppose that p + gq = gmn —(n+2).
For n=2, the set of edges
{xl,lxl,z'x1,1x2,1'x1,1x3,1}' {x1,2x2,2:x1,2x3,2:x1,2x4,2}»
{x2,1x3,1'x2,1x5,1'x2,1x2,2}: {xs,zxz,z:x3,2x3,1:x3,2x6,2}»
{x4,1x1,1'x4,1x4,2}' {xs,zxs,pxs,zxz,z} and
{x6,1x3,1,x6,1x6,2} forms 4 copies of K ; and 3 copies
of K, ,. Therefore LsO P, is decomposed into 4 copies
of K, 3 and 3 copies of K, ,. For n > 4, we prove this
theorem by induction on n. For n = 4, the induced
subgraph < {x;3,x;,} > together with the edge
X;,X;3forms H; V1<i<2m. Thus E(L,,0P) =
E(L,,,0P,) U E(H,). Assume that the theorem is true
for n— 2. The induced subgraph < {x;;, x;;.1}>
together with the edge x;;_;x;; where j=5,7,
won—1forms H; V1 <i<2m.

Thus E(L,,,0B,) = E(Ly,0P,_,) U E(H,). Therefore
by induction hypothesis, L,,,0 P,_, is decomposed
into 2(n — 2) copies of K;; and 3(n — 3) copies of
K, ,. Also by Remark 1.1., H; is decomposed into 4
copies of K; 3 and 6 copies of K, ,. Hence L,,,0 P, is
decomposed into p copies of K; 3 and q copies of K ,.

Remark 1.3.
Consider a graph H, with V(H,) = {xi,y]-: 1<i<
4,1<j< 2} and

E(H3) = {x;jX; jo1, X1, X2 X1 gX34: L= 1,3; 1< j <
2;,2<1<3;,2<q<3}.

H; is decomposed into 2 copies of K; 3 and 1 copy of
K, as follows: {xl‘zxm, X12X22, %12 xg,z},

{x1,3x1,z' X1,3%2,3 x1,3x3,3} and {x3,2 X3,1,X32 x3,3}-

Theorem 1.5. For any two positive integers m,n with
m=4,n=2andn is even,

Ly, O B, is decomposed into p copies of Ky 3 and q copies of
K, , ifand only if

2 4
p+§q —g(mn—Z).

Proof:

Let G = L,,,0 P, where V(G) = {x;;:1<i <
2m,1<j Sn}and
E(G) = {xi,jxi,j+1txk,lxk+1,l»x1,qu,q'xr,sxr+m,s: 1<i

<2m1<j<n-—1,

1<k<m-1,1<l,q,s <n,1<r <m}. Suppose
that L,,,0 P, is decomposed into p copies of K; 3 and
q copies of K 5.
Since |E(G)| = 3p + 2q,
we have 3p + 2q = 3[n(m — 1) — 2] + 2[(m + 3)2—
1].
= 3p+2q =4mn —8.
= 3p + 2q = 4(mn — 2).
Therefore, p + gq = %(mn - 2).

Conversely, suppose that p + gq = %(mn - 2).

For n=2, the  induced  subgraph <
{x31, %32, %71,%7,} > together with the edges {x3 1%, 1,
X32,X3,} forms H,. Thus E(LgOP,) = E(LsOP,) U
E(H,). Therefore, by Theorem 1.2., L,OP, is
decomposed into 4 copies of K; ; and 3 copies of K ,.
Also, by Remark 1.3., H, is decomposed 3 copies of
K, ,. For n = 4, we prove this theorem by induction
onn.

For n =4, the induced

{Xi3) X100 Xm—1,3 Xm—1,40 Xim,3» Xim,40 Xm4 1,3 Xm+1,40
Xom-13 Xam-14X2m 3 Xama} > together with the

edges {xX; 2X; 3, Xi41,3%i3, X4 Xi41,4

subgraph <

Xm-1,2%m-1,3) Xm,2Xm,3» Xm+1,2%m+1,3 X2m-1,2X2m-1,3» X2m,2X2m,3}

forms H,

V 1<i<2m. Also, the induced subgraph <
{xi_3,xi_4,xi+m_3,xl-+m’4} > together with the edges
{Xi2%i 3, X 3Xi41,3) Xi 4 Xi41,40 Xitm,2Xi+m,3} forms Hy V
=2

Thus  E(LymOP,) = E(LymOP,) U E(Hy) U E(Hsy).
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Assume that the theorem is true for

n—2. The induced subgraph <

{xi,j' Xij+1 Xm-1,j0 Xm—-1,j+1 Xm,j» Xm,j+10 Xm+1,j> Xm+1,j+1»

Xom—1,j» X2m—1,j+1 X2m,j» Xam,j+1} > together with the
edges {xi,j—lxi,j:xi+1,jxi,j'

Xm-1,2%m,3 Xm+12Xm+1,3 X2m-1,2X2m-1,3 X2m,2X2m,3}
forms H,

V 1<i<2m. Also, the induced subgraph <
{xi_3,xi_4,xi+m_3,xl-+m‘4}> together with the edges
{Xi2%i3, X 3Xi11,3, X aXiv 1,00 Xivm2Xism3} forms 2

Xij+1%Xi+1,j+1 Xm—-1,j-1%¥m—-1,j» Xm,j—1%Xm,j» xm+1,j—1xm+1,j'x2m—190m,ﬁ§€?'n%:j51223;j}

wherej =5,7,..,n—1forms H, V1 < i < 2m. Also,
the induced subgraph < {x; ;, X; j 11,

XitmjrXi+mj+1} >  together with the edges
{xi,j—lxijlx x1+111x11+1x1+1 Jj+1
xi+m,j—1xl+m,1} where j= 57,.
i=2.

Thus E(L,y,0P,) = E(LymOP,_,) U E(Hy) U E(Hs,).
Therefore, by induction hypothesis, L2m|:| P,_, is
decomposed into 3n — 8 copies of K 3 and 22 coples
of K, ,. Also, by Remark 1.1., H is decomposed into
4 copies of K; 3 and 6 copies of K; ,. And also, by
Remark 1.3., H3 is decomposed into 2 copies of K; 3
and 1 copy of K; ,. Hence L,,,,0 P, is decomposed into
p copies of K, 5 and q copies of K ,.

—1 forms H; V

Theorem 1.6. For any two positive integers m,n with
m=2>5,n2=2andn is even,
Ly, 0 B, is decomposed into p copies of K, 5 and q copies of
K, , ifand only if

2 5
p+3q=3[n(m-1) -2]

Proof:

Let G = L,,,0 P, where V(G) = {x; ;11 <i <
2m,1<j Sn}and
E(G) = {xi,jxi,j+1'xk,lxk+1,l:xl,qu,q:xr,sxr+m,s: 1<i

<Zm1<j<n-1,

1<k<m-1,1<l,q,s <n1<r < m}. Suppose
that L,,,0 P, is decomposed into p copies of K; 3 and
q copies of K ,.
Since |E(G)| = 3p + 2q,
we have 3p + 2q = 3[n(m — 1) — 4] + 2[n(m — 1) +
1].
= 3p + 2q = 5mn — 5n — 10.
Therefore, p + gq = Z [n(m—1) — 2]
Conversely, suppose that p + %q = g [n(m —-1) —2].
For n=2, the  induced  subgraph <
{Xij» Xi j+1) Xivm,j» Xiem, j+1} > together with the edges
{Xi—1,j+1%ij+1,Xi j» X141, Where j = 1 forms 2 copies
of H,Vi=34.

Thus E(L,,0P,) = E(LsOP,) U E(H,) U E(H,).
Therefore, by Theorem 1.2., L,0OP, is decomposed
into 4 copies of K; ; and 3 copies of K, ,. Also, by
Remark 1.3., H, is decomposed 6 copies of K, ,. For
n = 4, we prove this theorem by induction on n.

For n=4, the  induced  subgraph <
{Xi3) X100 Xim—13 Xm—1,00 Xm,3 Xm,40 Xm41,3 Xm+ 1,40
Xom-13Xam-1,4Xam3r Xama) > together with the
edges {X;2X;3, Xi11,3%i3, Xi 4Xi+1,4

Thus E(L,,0P,) = E(L,m0P,) U E(H,) UE(Hs) U
E(H3). Assume that the theorem is true for n — 2. The
induced subgraph <
{xi,j' xi,j+1' xm—l,jt xm—l,j+1t xm,j' xm,j+1' xm+1,j'
Xm41,j+1 X2m—1,j» Xam—1,j+1 X2m,j» Xam,j+1} > together
with the edges {x; j_1X; j, X;+1,X; ),

wherej =5,7,..,n—1formsH, V1 < i < 2m. Also,
the induced subgraph

< {xi,j,xl-,jﬂ,mej,me j+1} > together with the
edges {xi,j—lxi]'x iXi+1 ]’xl]+1xl+1 Jj+1
Xitmj-1Xi+m,j} Where j=5,7,.,n—1 forms 2
copiesof Hy; Vi = 2,3.

Thus E(L,,0P,) = E(LymBOP,_,) U E(H,) U E(Hy) U
E(H3). Therefore, by induction hypothesis, L,,,0 P, _
is decomposed into 4(n — 3) copies of K; 3 and 4n —
7 copies of K;,. Also, by Remark 1.1., H; is
decomposed into 4 copies of K; 3 and 6 copies of K ,.
And also, by Remark 1.4., H; is decomposed into 4
copies of K; 3 and 2 copies of K; ,. Hence L,,,0 B, is
decomposed into p copies of K; 3 and q copies of K ,.

Theorem 1.7. For any two positive integers m,n with
m =3, n=2andn is even,
Lm0 P, is decomposed into p copies of Ky 3 and q copies of
K, , ifand only if

( n(5m-3)-6(m+2) ‘ if m =3
3
,if m=4and mis even

|
4 m(2n 3)+8]
I\Sn(m 1) 2(3m-10)

,if m>=5andmis odd

Proof:

Let G = L,,,0 P, where V(G) = {xi,j: 1<i<
2m,1<j Sn}and
E(G) = {xi,jxi,j+1lxk,lxk+1,llx1,qu,q'xr,sxr+m,s: 1<i

<Z2Zml<j<n-1,

1<ksm-11<l<nm1<q<n 1<r<
m; 1 < s < n}. Suppose that L,,,0 P, is decomposed
into p copies of K, ; and q copies of K ,.

Case (i): m =3

Since |[E(G)| = 3p + 2q,

we have 3p+2q=3[n(m—-1)—-2(m-3)]+
2[mn - 3].

= 3p+2g=5mn—3n—6m+ 12

n(5m-3)-6(m+2)

Therefore, p + z?q = .

Case (ii): m = 4 and m is even
Since |E(G)| = 3p + 2q,
we have 3p+2q=3[n(m—-1)—-2(m-3)]+
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(m+3)n

2[ S~ 1].
= 3p +2q = 4mn — 6m + 16.
Therefore, p + 22 = 2mZn-2)+8]
) p 3 - 3 .
Case (iii): m = 5 and m is odd
Since |E(G)| = 3p + 2q,
we have 3p+2g=3n(m—-1)-2(m-3)]+
2[n(m—-1) +1].
= 3p + 2q = 5mn — 5n — 6m + 20.
Therefore, p + 22 = S1mD-2Gm-10)
) p 3 - 3 .
Conversely,
Case (i): Suppose thatp + Z?q = w, ifm=
3
The proof of this case follows precisely from Theorem
1.2.
Case (ii): Suppose that p + Z?q = 2m(@n-3)+5]

. , ifm >

4 and m is even

For m = 4, The proof follows precisely from Theorem
1.5. For m > 6, we prove this case by double
induction method.

Subcase (i): m =6

For n=2, the induced  subgraph <
(X0, Xi,j+1) Xivm, j» Xi+m,j+1} > together with the edges
{Xi—1,j+1%ij+1, X j» Xi11,;} Where j = 1 forms 3 copies
of H,Vi=34,5.

Thus  E(L,,0P,) = E(LyOP,) UE(H,) UE(H,) U
E(H;). Therefore, by Theorem 1.2., L,OP, is
decomposed into 4 copies of K; 3 and 3 copies of K ,.
Also, by Remark 1.3., H, is decomposed 9 copies of
K, ,. For n = 4, we prove this theorem by induction
onn.

For n=4, the  induced  subgraph <
{Xi3 X040 Xm—1,3 Xm—1,4 Xm,3» Xm,40 Xm+1,3 Xma1,40
Xom-13 X2am-1,4r X2m 3, Xama} > together with the

edges {x; X3, Xi41,3%i3, Xi4Xi41,4

Xm-1,2%Xm-1,3 Xm,2Xm,3, Xm+1,2Xm+1,3» X2m—-1,2X2m-1,3, X2m,2X2m,3

forms H,

V 1<i<2m. Also, the induced subgraph <
{xi,3,xi,4,xi+m,3,xi+m,4} > together with the edges
{Xi2%i 3, X1 3Xi11,3 XiaXit1,40 Xitm2Xirm3} forms 3
copies of Hy; Vi = 2,3,4.

Thus E(L,,,0P,) = E(L,,,0P,) UE(H,) UE(H;) U
E(H3;) U E(H3). Therefore, by Remark 1.1., H; is
decomposed into 4 copies of K; ; and 6 copies of K ,.
Also, by Remark 1.4., H; is decomposed into 6 copies
of K, 3 and 3 copies of K ,. Assume that this subcase
is true for n—2. The induced subgraph <

{xi,j' Xij+1 Xm-1,j» X¥m—-1,j+10 Xm,j» Xm,j+1» Xm+1,j> Xm+1,j+1»

Xom—1,j>X2m—1,j+1, X2m,j» X2m,j+1) > together with the
edges {xi,j—lxi,j:xi+1,jxi,j:

forms 3 copies of H; Vi = 2, 3, 4.

Thus E (Lyy0OP,) = E(LypmOP,_,) U E(H,) U E(Hs) U
E(H3) U E(H;). Therefore, by induction hypothesis,
L,,,0 P, _, is decomposed into 5n — 16 copies of K, 3

and 9(112_—2) — 1 copies of K; ,. Hence the Subcase (i) is

decomposed into 5n —1 copies of K;; and 9771_ 1
copies of K, ,. Assume that this Case (ii) is true for m —
2. The induced subgraph

< {xi,j,xi,jH,me‘j,me‘jH} > together with the
edges {x;j_1X;j, X; jXi11,j)

Xij+1%Xit+1,j+1 Xitm,j-1%i+m,j} Where j=n—3,n—1
forms 2 copies of H,

for all i=m-3m—2. Thus E(L,,0R,)=
E(Lym_,0P,) U E(H3) U E(H5).

Therefore, by induction hypothesis, L,,,_,0P, is
decomposed into n(m — 3) — 2(m — 5) copies of K; 3
and (m+1)n

decomposed into

—1 copies of K;,. Hence L,,O0P, is

(m+3)n _

n(m — 1) — 2(m — 3) copies of K; ; and — 1
copies of K , in this case.

Case (iii): Suppose that

w, ifm > 5and m is odd

3
Form = 5, The proof follows precisely from Theorem
1.6. For m =7, we prove this case by double
induction method.
Subcase (ii): m = 7
For n=2, the  induced  subgraph <
{xi,j, xUH, xi+m,j, me‘jH} > together with the edges
{Xi—1,j+1%ij+1, Xi j» Xi41,;} Where j = 1 forms 4 copies
of H,Vi=3,4,5,6.
Thus  E(L,,0P,) = E(L,OP,) U E(H,) U E(H,) U
E(H,) U E(H,). Therefore, by Theorem 1.2., L,OP, is
decomposed into 4 copies of K; ; and 3 copies of K ,.
Iso, by Remark 1.3., H, is decomposed 12 copies of
1. For n = 4, we prove this theorem by induction
on n. For n=4, the induced subgraph <
{Xi3 X4 Xm_1,3 Xm—1,4 Xm,3, Xm,4»
Xm+1,3 Xm+1,40 X2m-1,3 X2m—1,4» Xam,3» X2m,a} >
together with the edges {x; ,x; 3,
forms H; V 1 < i < 2m. Also, the induced subgraph
< {xi,3,xi,4,xi+m,3,xl-+m‘4} > together with the edges
{Xi2%i 3, Xi 3Xi11,3, XiaXi4 1,00 Xivm2Xivm3} forms 4
copies of Hy
foralli = 2,3,4,5.
Thus  E(L,y,0P,) = E(L,m0P,) U E(H,) UE(Hs) U
E(H;) UE(H;) UE(H,).
Therefore, by Remark 1.1., H; is decomposed into 4
copies of K; ; and 6 copies of K, ,. Also, by Remark
1.4, H; is decomposed, into 8 copies of K; ; and 4

Xij+1%Xit1,j+1 X¥m=1,j—1%¥m—1,j» ¥m,j—1%Xm,j» xm+1,j—1xm+1,j'x2m—1,é'—1x2m—

wherej =5,7,..,n—1forms H, V1 < i < 2m. Also,
the induced subgraph

< {xi']-,xi'}-+1,xi+m,j,xi+m_j+1} > together with the
edges {xi,j—lxi,j:xi,ijl,j:

Xij+1%Xi41,j41 Xitm,j—1Xitm,j} Where j =5,7,..,n—1

op1€S of klﬁzrﬁ&’s_shjrcrzfélf at this Subcase is true for n —
2. The induced subgraph <
X0 Xi 41 Xm—1,jp Xm—1,j+1 Xm,j» Xm, j+10
xm+1,j'xm+1,j+1'x2m—1,jix2m—1,j+1'x2m,j'x2m,j+1} >

together with the edges {x; ;_,x; j,

1379 © 2026 European Journal of Clinical Pharmacy; Volume: 8: Issue: 1] All Right Reserved




How to Cite: Vimala Roshni. S and Chithra Devi. P. Application of Decomposition of Cartesian Product and Corona
Product of Sunlet and Path in Pharmacy. European Journal of Clinical Pharmacy. 2026;8(1):1376-1382.

Xit1,j X0 Xij+1%Xi+1,j+1 Xm-1,j-1%Xm—-1,j» Xm,j-1%Xm,j» xm+1,j—1xm+£’,§'5§%fm1—;13,95—_2x3m}v{%4,2x4,1; x4,2x4,3}; {x2,3x3,3; x2,3x5,3}

Xom,j-1X2m,j} Where j =5,7,..,n—1forms H; V1 <
i<2m. Also, the induced subgraph <
{xi, 7 Xij+1 Xivm,jr Xiem, j+1} > together with the edges
{0 j1%i 0 X i Xig1,jp X1 Xis,j 10

Xitmj-1Xi+m;} Where j=5,7,..,n—1 forms 4
copiesof Hy; Vi = 2,3,4,5.

Thus E(Ly,0OP,) = E(LyymOP,_,) U E(H,) U E(Hs) U
E(H3) U E(Hs) U E(H,).

Therefore, by induction hypothesis, L,,,0P,_, 1is
decomposed into 2(3n — 10) copies of K; ; and 6n —
11 copies of K;,. Hence the Subcase (i) is
decomposed into 2(3n — 4) copies of K; ; and 6n + 1
copies of K; ,. Assume that this Case (iii) is true for
m—2.

The induced subgraph <
{xi, 7 Xi j+1r Xivm,jr Xiem, j+1} > together with the edges
{xi,j—lxi,j:

Xi jXis1,j5Xi j+1%Xi41,j+10 Xi+m,j—1Xi+m,j} Where j =n —
3,n — 1 forms 2 copies of H,
for all i=m-3,m—2. Thus E(L,,0R)=
E(Lyym_,0P,) U E(H3) U E(Hs,).
Therefore, by induction hypothesis, L,,,_,0P, is
decomposed into n(m — 3) — 2(m — 5) copies of K 3
and n(m —3) +1 copies of K, ,. Hence L,,,0P, is
decomposed into n(m — 1) — 2(m — 3) copies of K 3
and n(m — 1) + 1 copies of K; , in this case.
Therefore, L,,,0 B, is decomposed into p copies of
K, 5 and q copies of K ,.
Theorem 1.8. For any two positive integers m,n with
m=3,n =3 andn is odd,
Lm0 P, is decomposed into p copies of K 3, q copies of K, ,
and one copy of P, if
and only ifp +§q =%(5n —-4)—-—(n-1.
Proof:

Let G = L,,,0 P, where V(G) = {x;;:1<i <
2m;1San}and
E(G) = {xi,jxi,j+1'xk,lxk+1,l:xl,qu,q:xr,sxrﬂn,s: 1<i

<Z2Zml<j<n-—1,;

1<ksm-11<I<n1<q<nl<r<
m,1 < s < n}. Suppose that L,,,0 B, is decomposed
into p copies of K; 3, q copies of K; , and one copy of
P,.
Since |[E(G)| = 3p + 2q + 3,
we have 3p +2q+3=3[n(m—-1)+ 1]+ 2(mn —
2m) + 3.
=>3p+2g+3=5mn—4m-—3n+6.
=>3(p+n—1)+2q =m(5n—4).
Therefore, p + gq = %(Sn -4 -mn-1.
Conversely, suppose that p + gq = %(Sn —-4)—-(n-

1). We prove this theorem by induction on n. Forn =
3, the set of edges {x1,1x1,2' X11%21) x1_1x4_1},

{x1,3 X2,3,%X1,3X3,3,X1,3X43 }: {x3_1x1_1, X3,1X3,2, x3,1x6,1}'

{xa,z X1,2,%3,2X3,3, X3 2X¢ 2 }:

and {x33X¢ 3, X6,3X6,2: X6,2X6,1}

forms 7 copies of K 3, 3 copies of K, , and one copy

of P,. Therefore LyO P; is decomposed into 7 copies of

K 3, 3 copies of K; , and one copy of P,. Forn > 5, we

prove this theorem by induction on n. For n = 5, the

induced subgraph < {x;,,x;5} > together with the

edge x;3x;, forms H;V1<i<2m.  Thus

E(Ly,0OPs) = E(L,,,0P;) U E(H,;). Assume that the

theorem is true for n — 2. The induced subgraph <

{xij, x;j+1} > together with the edge x; ;_;x; ; where

j=46,..,n—1forms H; V1 <i <2m.

Thus E(LynOP,) = E(LymOP,_,) U E(H,).

Therefore, by induction hypothesis, L,,0P,_, is

decomposed into 2n —3 copies of K3, 3(n—4)

copies of K; , and one copy of P,. Also, by Remark

1.1., H, is decomposed into 4 copies of K; ; and 6

copies of K; ,. Hence L,,,0 P, is decomposed into p

copies of K 3, q copies of K; , and one copy of P,.

Remark 1.9.

Consider a graph H, with V(H,) = {xi‘jzl <i<

3;1<j<3}and

E(Hy) = {x;jX jy1, X10%00 X1 g %3400 = 1,3;1 < j
<2,1<1<3,1<qg<3}

H, is decomposed into 2 copies of K; 3 and 2 copies of

K, , as follows:

{x1,1x1,2'x1,1x2,1'x1,1x3,1}, {x1,2x2,2’x1,2x1,3’x1,2x3,2}'

{x1,3x2,3'x1,3x3,3} and {x3,2x3,1, x3,2x3,3}~

Theorem 1.10. For any two positive integers m, n with

m = 3,n=3andn is odd,

Lm0 P, is decomposed into p copies of K 3, q copies of K ,

and one copy of P, if
2m(2n-1) _
3

and only ifp + gq = 1.

Proof:

Let G = L,,,0 P, where V(G) = {xi‘j: 1<i<
2m; 1< Sn}and
E(G) = {(xi,jxi,j+1’xk,lxk+1,l’x1,qu,q' xr,sxr+m,s): 1

Si<Z2Zml<j<n-—-1;

1<ksm-11<l<nm1<q<n 1<r<
m; 1 < s < n}. Suppose that L,,,0 P, is decomposed
into p copies of K, 3, q copies of K; , and one copy of
P,.
Since |[E(G)| = 3p +2q + 3,
we have 3p+2¢g+3=3nm-1)+H—-m)]+

(m+3)(n-1)

2[f+(m—6)] + 3.

=3p+2q+3=4mn—-2m-3.
2m(2n-1) -1
— L

2
Conversely, suppose that p + 34=
For n=3, the induced
{Xi 10 X1 jo Xi jr1s Xiem—1,j— 10 Xim—1,j» Xitm—1,j+1) >
together with the edges
{xi,j—lxi+1,j—1'xi,jixi+1,jtxi,j+1ixi+1,j+1} where j =2
forms m — 3 copiesof H, Vi =3,4,..,m—1.

Thus, E(L,,0P;) = E(LyOP;)  U[E(H,) U ..U

Therefore, p + gq =
2m(2n-1) _

1.
3
subgraph <
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E(H,) (m — 3) - times]. Therefore, by Theorem 1.8.,
L¢OP; is decomposed into 4 copies of K 3 and 3 copies
of K;,. Also, by Remark 1.9., H, is decomposed
2(m — 3) copies of K, , and 2(m — 3) copies of K ,.
For n = 5, we prove this theorem by induction on n.
For n = 5, the induced subgraph

<

{xi,4, Xi51 Xm—1,4» Xm—1,5 Xm,4» Xm,50 Xm+1,4 Xm+1,5 X2m-1,4» X2om— qﬂlﬁngﬁdﬁcg@ﬁS

together with the edges

{xi,3 Xiar Xit1,4Xi4 Xi5Xi+1,5 Xm-1,3%m-1,4r Xm,3¥m 4 Xm+1,3%m+1

Xom-13%2m—140 X2m3Xama) forms Hy V 1 <i <2m.
Also, the induced subgraph

< {xi,4,xi_s,xi+m_4,xi+m_5} > together with the edges
{Xi3Xi 4 XiaXir1,4Xi5Xi11,5

Xi+m3Xi+ma} forms (m—3) copies of H; V i=
2,3,..m—2.

Thus E(Lyy,0OPs) = E(Ly,0Py) U E(Hy) U [E(Hs) U
..UE(H3;)(m — 3) - times]

Assume that the theorem is true for n — 2. The
induced subgraph < {x; j, X; j11, Xm—1,j

Conversely, suppose that p = mn.
Now, the induced subgraph < {u;;,u;, u;, v} > =
Kiz+eV1<i<m. The induced subgraph <
{ui(j_l)., uij.,ul-} >  together with the edge
Uj(j—2y Ui(j—1)y, Where j=4,6,..,n forms K,;+
evV1<i<m. Also, the induced subgraph <
{V(i—mu V(i-1)2" vi_l,vi} >= Kiz+teV2<i<m.
ju%graph < {Ui(j—l)‘t Vij vi} > together
with the edge v;;_,y vi;_1y, where j=4,6,..,n
forms K, 3 +eV1<i<m. And also, the induced
subgraph < {Vp1, Vo Vi V13 > = K3 +e. The
induced subgraph
< {vmj., Vin(j-1) vm} > together with the edge
Vn(j-2) Um(j-1y, Where j =4,6,...,n forms K, 3 +e.
Thus EG)=[E(K,3+e)UE(K;,5+e)U ..U
E(KL3 + e) mn -times]. Hence L,,@P, 1is
decomposed into p copies of K; 5 + e.
Corollary 1.12. For any two positive integers m,n with
m = 3,n=2andn is even,

Xm—1,j+1 Xm,j» Xm j+ 1 Xm+1,j» Xm+1,j+ 1 Xom—1,j» X2m—1,j+1» X2m, j» Maw} Po} 5> decomposed into p copies of K 5 + e and one

together with the edges

copy of Sy, if and only if

n
{0 j—1%0j) Xig1,j X jo X j41Xir1,j+10 Xm—1,j-1%m—1,j» xm,j—lxm,j'xmﬁlﬁmfh;ia

Xom—1,j-1%X2m—1,j»X2m,j—1X2m,j} Where j = 6,8,...,n —
1formsH; V1<i<2m.

Also, the induced subgraph <
{xi’j, xi’j+1, xi+m_j, xi+m,j+1} > together with the edges
{0 j-1%0, 0 X0 Xiv1, o Xije1Xir,j 1 Xivmj-1%i+m,j}
where j = 6,8, ...,n — 1 forms m — 3 copies of H; V¥
i=23..,m—2.

Thus E(L,,0B,) = E(Ly,,0P,_,) UE(H,) U
[E(H3) U ...UE(H;) (m — 3) - times].

Therefore, by induction hypothesis, L,,,0P,_, 1is
decomposed into (n — 2)(m — 1) + (4 — m) copies of
Kl . (m+3)(n-3)

2
of P,.
Also, by Remark 1.1., H, is decomposed into 4 copies
of K, 5 and 6 copies of K ,.
And also, by Remark 1.4., H; is decomposed into
2(m — 3) copies of K; 3 and (m — 3) copies of K ,.
Hence L,,,,0 P, is decomposed into p copies of K; 3, q
copies of K; , and one copy of P,.
Theorem 1.11. For any two positive integers m,n with
m =3, n=2andn is even, L,,,@ P, is decomposed into
p copies of K, 5 + e if and only ifp = mn.
Proof:

Let G = L,y @ B,. Let V(Lyy,) = {u;,v:1 <
i < m}, where u; is the pendant vertex adjacent to v;.
Let  V(G) = {u,v,u;v;:1<i<m; 1<j<nj}
where u;q, Uy, ..., Uy are the vertices in the copy of
the path corresponding to each w; and v;y, Vi, .., Viny
are the vertices in the copy of the path corresponding
to each v;. Suppose that G is decomposed into p copies
of K3 +e.
Since |E(G)| = 4p,
we have 4p = 4mn.
Therefore, p = mn.

+ (m — 6) copies of K, , and one copy

Theorem 1.13. For any two positive integers m, n with
m = 3,n=3andn is odd,
L@ P, is decomposed into p copies of Ky 3 + e and q
copies of K1 , if and only if
2p+q=2m.
Proof:

Let G = L,,,@ B,. Let V(L,y,) = {u;,v;:1 <
i < m}, where u; is the pendant vertex adjacent to v;.
Let V(G) = {w;, v, w001 <i<m,1<j<nj,
where u;q, Ujy, ..., U,y are the vertices in the copy of
the path corresponding to each u; and v;, vy, -.., Vi
are the vertices in the copy of the path corresponding
to each v;. Suppose that G is decomposed into p copies
of K; 5 + e and q copies of K ».
Since |[E(G)| = 4p + 2q,
we have 4p + 2q = 4m(n — 1) + 2(2m).
= 4p + 2q = 4mn.
Therefore, 2p + g = mn.
Conversely, suppose that 2p + g = mn.
Now, the induced subgraph < {u;;,u;p, u;, v} > =
Kizs+evV1<i<m. The induced subgraph <
{ui( -1y U j‘,ui} > together with the edge
Uj(j—2) Wi(j—1), Where j = 4,6, ...,
n—1 forms K;3+eV1<i<m. The induced
subgraph < {ui(n_l)‘uin‘, uin‘ui} >= K ,V1<i<
m. Also, the induced subgraph <
{U(i—1)1‘r V(i-1)2> Vi-1s Ui} > =
Kiz+eV2<i<m. The induced subgraph <
{v; i Vigj-1) vi} >  together with the edge
Vi(j-2y Vi(j-1y, Where j =4,6,..,n—1 forms K;; +
evl1<i<m. The induced subgraph <
{vi(n_l)-vm-, vm-vi} >= K;,V1<i<m. And also,
the induced subgraph
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< {Vm1»Vm2» V13 >= K;3+e. The induced
subgraph < {vmj-,vm(j_l)-,vm} > together with the
edge Vin(j—2y Vm(j-1y, Where j =4,6,...,,n —1 forms

Ki;te. The induced subgraph <
{vm(n—l)'vmn" vmn'vm} > = K1,2'
Thus E@G)=[E(K,3+e)UE(K,;+e)U..u

E(Ky 3+ e)(mn —m) - times]
U[E(Ky,) UE(K ) U...

u E(Kl_z) 2m - times].
Hence L,,,@ P, is decomposed into p copies of K; 5 +
e and q copies of K ,.
Corollary 1.14. For any two positive integers m,n with
m = 3,n =3 andn is odd,
H,,8 P, is decomposed into p copies of K, 5 + e, q copies of
K, , and one copy of Sy,

__n(m+1)

z'fandonlyzfp+%— .

Applications:

The Cartesian product of graphs provides
mathematical framework for complex pharmaceutical
systems. It helps in predictive modeling and
simulation, supports clinical decision making and also
it enhances drug safety and treatment efficiency. The
corona product of graphs provides a mathematical
support for complex therapeutic modeling. It
represents hierarchical and modular pharmaceutical
systems, supports advanced drug design and clinical
research and also it helps in modeling drug targeting
and interaction mechanisms.
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